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Size-dependent ion-beam-induced anisotropic plastic deformation at the nanoscale
by nonhydrostatic capillary stresses
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We develop a phenomenological model for size-dependent anisotropic plastic deformation of colloidal
nanoparticles under ion irradiation. We show that, at the nanoscale, nonhydrostatic capillary stresses drive
radiation-induced Newtonian viscous flow, counteracting the stress state that initiates the anisotropic viscous
strains in the high-temperature thermal spike region around the ion track. We present experimental data using
colloidal silica nanoparticles in the 10– 100 nm size range that show that the deformation is indeed strongly
size dependent, in excellent agreement with the model. This work allows for the prediction of the ion-beaminduced shape modification of a whole range of nanostructures.
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Ion-irradiation-induced anisotropic plastic deformation
was discovered in the early 1980s by Cartz et al.1 They
found that small amorphous silicate particles undergo an irradiation deformation process that elongates the particles in
the direction perpendicular to the ion beam. More detailed
studies of this phenomenon on thin films of metallic or silica
glasses 共5 – 15 m thickness兲 were carried out later by
Klaumünzer and coworkers.2–5 The anisotropic deformation
originates from a shear transformation that occurs in the cylindrically shaped viscous ion-track region when it is rapidly
heated 共time scale ⬃10 ps, temperature several 1000 K兲. For
the high ion energies used, the so-called thermal spike results
from electronic excitations of the target atoms close to the
ion track.6,7
Recently, we have used colloidal particles as a microscopic model system for anisotropic deformation.8 Their perfect spherical shape and the fact that they can be deposited
well separated from each other and imaged at high resolution
have enabled a series of studies that have provided detailed
information on the energy and temperature dependence of
the anisotropic deformation.9 Both oblate and prolate ellipsoidal particle shape transformations were demonstrated,8 as
well as shape changes in rectangular silicon micropillars.10
Most recently, we demonstrated how this ion-irradiation
technique can be used to tune the geometry of colloidal
masks for nanolithography.11
At the nanoscale, capillary stresses become of the same
order of magnitude as the stresses that drive anisotropic deformation. Capillary stresses drive stress relaxation that is
mediated by Newtonian viscous flow, the latter being caused
by ion-beam-induced atomic collisions.12 A study of the size
dependence of anisotropic deformation at the nanoscale may
therefore provide a deeper insight into the fundamental phenomena that occur in the highly nonequilibrium thermal
spike during ion irradiation.
Figure 1 shows a characteristic scanning electron microscope 共SEM兲 image 共10° tilt with substrate surface兲 of an
originally spherical SiO2 colloid 共dashed circle兲, irradiated
with 4 MeV Xe4+ ions at an angle of 45° with respect to the
substrate normal, to a fluence of 4 ⫻ 1014 cm−2, and at a temperature of 85 K. As can be clearly seen, the colloid has
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expanded perpendicular to the ion beam and contracted parallel to this direction. The observed aspect ratio 共major over
minor diameter兲 from this image is ⬃2. Investigation of an
ensemble of many particles 共typically more than ten兲 has
revealed that the average volume of the colloids has remained constant after irradiation.8
Trinkaus and Ryazanov have successfully described the
deformation process at the ion-track scale by a viscoelastic
thermal spike model in which local viscous strains, generated
during relaxation of the constrained deviatoric 共i.e., shear兲
thermal stress state, freeze upon rapid cooling of the spike,
leading to a net expansion perpendicular to the ion track and
a concomitant contraction along this direction.13 Recently,
we have expanded this model by incorporating the time dependence of this relaxation process.14
The macroscopic anisotropic deformation can be described by a phenomenological model that was first proposed
by Klaumünzer et al.15,16 In this model the macroscopic deformation, quantified by the Eulerian strain tensor = withcomponents ij 共i , j = 1 , 2 , 3兲, is governed by the constitutive
equation

FIG. 1. Side-view scanning electron microscope image 共10° tilt
angle with respect to substrate surface兲 of a colloidal silica particle
after irradiation with 4 MeV Xe4+ ions to a fluence of 4
⫻ 1014 cm−2 at 85 K. Particles were irradiated at an angle of 45°
with respect to the substrate surface normal as indicated by the
white arrow. The dashed circle indicates the original size and location of the unirradiated colloid.
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where  and  are the shear modulus and Poisson’s ratio
of the irradiated material, respectively. The macroscopic
stress tensor is = with components ij, where 31 kk = 31 共11
+ 22 + 33兲 is the hydrostatic stress 共the Einstein summation
convention is used over repeated indices兲, ␦ij is the Kronecker delta 共␦ij = 1 for i = j, ␦ij = 0 for i ⫽ j兲, and d⌽ / dt is the
ion-beam flux 共ions/ cm2 s兲. The first term on the right-hand
side of Eq. 共1兲 is Hooke’s law for isotropic elastic media.
The second term describes the macroscopic irradiationinduced Newtonian viscous behavior of the material with an
ion-flux-dependent shear viscosity , so that −1 ⬀ d⌽ / dt.
The last term on the right-hand side of Eq. 共1兲 describes the
unconstrained anisotropic deformation process and is given
by
A0ij = A0共␦ij − 3bib j兲.

共2兲

Here A0 is the strain increment per unit fluence in the absence of macroscopic stresses and bi are the components of
the unit vector b along the ion beam. By means of this model
关i.e., Eqs. 共1兲 and 共2兲 and the relation between the rate-ofstrain tensor and the velocity components兴, the anisotropic
deformation of spherical colloidal silica particles of 300 nm
and 1 m in diameter under 4 MeV Xe ion irradiation is
successfully described.17 The model also describes the fluence dependence of the principal diameters of the colloids as
well as a fluence-dependent angular roll-off.18
In the previous analyses, the influence of capillary
stresses ij due to surface curvature was not taken into account. This was justified by the fact that the colloids used
were relatively large. Here, we show that stresses by surface
curvature play a key role in the anisotropic deformation of
colloidal nanoparticles with diameters smaller than 100 nm.
Spherical silica colloids with radii of 19 nm made using a
microemulsion method,19 and colloids with radii of 46, 153,
and 510 nm synthesized using techniques described in Refs.
20 and 21, were irradiated with 4 MeV Xe ions to fluences in
the range between 1 ⫻ 1014 cm−2 and 1 ⫻ 1015 cm−2 at 85 K
at an angle of 45°. Figure 2 shows the transverse diameter
L,22 normalized with the initial colloid diameter 2R, as a
function of the ion fluence ⌽. Clearly, for small fluences
共⬍2 ⫻ 1014 Xe/ cm2兲, the anisotropic deformation is not size
dependent. However, at higher ion fluences, smaller colloids
show less deformation than larger colloids. For example, at a
fluence of 1 ⫻ 1015 Xe/ cm2, L / 共2R兲 increases with colloid
size from 1.29 for 46-nm-radius colloids to 1.71 for 510nm-radius colloids. The size dependence of L / 共2R兲 at a fixed
fluence of 4 ⫻ 1014 Xe/ cm2 is shown in Fig. 3; it gradually
increases from 1.12 for very small colloids of 19 nm radius,
to 1.29 for 510-nm-radius colloids. It can be seen that the
size dependence of the deformation becomes most pronounced for colloid radii ⬍100 nm.
In the absence of a macroscopic contribution to the
stresses ij, the fluence dependence of the anisotropic defor-

FIG. 2. 共Color online兲 The measured transverse diameter L, normalized with the original diameter 2R, as a function of ion fluence
⌽ for colloidal particles with mean radius R = 46 nm 共black
squares兲, 153 nm 共red circles兲, and 510 nm 共blue triangles兲,
respectively. The black dashed line is the initial, exponential growth
behavior for free anisotropic plastic deformation with A0 = 6.2
⫻ 10−16 cm2 / ion. The solid lines 关R = 46 nm 共black兲, 153 nm 共red兲,
and 510 nm 共blue兲兴, are calculated curves using Eq. 共6兲 from
the proposed phenomenological model with RAD = 9.0
⫻ 1021 Pa ion/ cm2.

mation can be calculated from Eqs. 共1兲 and 共2兲. If we take the
ion beam along the x3 axis, i.e., b1 = b2 = 0 and b3 = 1, the
strain increments per unit fluence in the direction perpendicular to the ion beam 共1,2 directions兲 are d11 / d⌽
= d22 / d⌽ = dL / 共Ld⌽兲 = A0.23 This differential equation leads
to an exponential growth of L / 共2R兲 with fluence ⌽:
L共⌽兲 / 共2R兲 = exp关A0⌽兴 as is plotted in Fig. 2 with A0 = 6.2
⫻ 10−16 cm2 / ion 共black, dashed curve兲.17 As can be seen, for
small fluences this growth curve describes the experimental
data well for all used colloid sizes. The deviation from this
curve for data at higher fluences indicates that macroscopic
stresses ij cannot be ignored in describing ion-irradiationinduced anisotropic deformation and that the first two terms
on the right-hand side of Eq. 共1兲 must also be taken into
account to describe the deformation.

FIG. 3. The measured transverse diameter L, normalized with
the original diameter 2R, as a function of the original colloid radius
R, measured after irradiation at 4 ⫻ 1014 Xe/ cm2 共solid squares兲.
The dashed curve is a calculation using Eq. 共6兲 with A0 = 6.2
⫻ 10−16 cm2 / ion and RAD = 9.0⫻ 1021 Pa ion/ cm2. The dotted
horizontal line is the limiting value of L / 共2R兲 for large R.
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FIG. 4. 共Color online兲 Schematic of an oblate spheroid of major
diameter L and minor diameter D. At a position r at the surface of
the oblate the normal is n共r兲 is indicated by the black arrows. The
traction vectors t P and tQ 共resulting from surface curvature兲 at
points P and Q, respectively, are indicated by red arrows.

Based on the experimental results presented in Figs. 2 and
3 we hypothesize that stresses resulting from surface curvature are the origin of the observed size dependence. At a
point r at the surface of the 共oblate兲 colloid having surface
normal n 共with components nk兲, as sketched in Fig. 4, the
surface traction components ti共r兲 = ik共r兲nk共r兲 are given by
Laplace’s formula

ik共r兲nk共r兲 = − ␥
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where ␥ is the specific surface energy, and Rmin共r兲 and
Rmax共r兲 are the minimum and maximum radii of curvature,
respectively. In case of a spherical particle of radius R the
surface stress is normal to and uniform over the colloid’s
surface; this induces a uniform hydrostatic stress 11 = 22
= 33 = −2␥ / R inside the colloid. However, in case of an oblate particle with major diameter L and minor diameter D, as
in the sketch of Fig. 4, the traction according to Eq. 共3兲 will
vary over the surface. The resulting stress state inside the
colloid is not known and not trivial. As a first estimate of the
surface tension effect, we assume that all stress components
ij are uniform. Then, because of axisymmetry about the
principal axes of the colloid, 12 = 13 = 23 = 0 and 11 = 22.
In point P where the x1 axis crosses the surface 共see Fig. 4兲
and n = 共1 , 0 , 0兲, Eq. 共3兲 allows us to calculate the stress component 11. Then, with Rmin = 21 D2 / L and Rmax = L / 2, we obtain

11 = − 2␥
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Similarly, in point Q where n = 共0 , 0 , 1兲 and Rmin = Rmax
= 21 L2 / D, we find
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We can evaluate these stresses taking the specific surface
energy for hydroxyl-terminated silica 共␥ = 0.4 J / m2兲 共Ref.
24兲 and first determine the average elastic strain rate contribution 共averaged over the duration of the irradiation兲 to Eq.

共1兲. For the smallest colloids 共R = 19 nm兲 irradiated to the
highest fluence 共1 ⫻ 1015 Xe/ cm2兲, the average elastic strain
increment per unit ion fluence perpendicular to the ion beam
共i.e., d11 / d⌽ = d22 / d⌽兲 is on the order of 10−19 cm2 / ion,
three to four orders of magnitude smaller than the value A0
for anisotropic deformation. We can therefore ignore the first
term 共elastic contribution兲 in Eq. 共1兲 and only take into account Newtonian viscous flow with shear viscosity , driven
by deviatoric stresses sij = ij − 31 kk␦ij.
The viscous strain rate, sij / 共2兲, can now be calculated
using Eqs. 共4兲 and 共5兲. With the ion beam along the x3 axis,
the total strain rate perpendicular to the ion beam 共˙ 11 = ˙ 22兲
from Eq. 共1兲 can be rewritten as a differential equation for
the transverse axis L of the colloidal particle, resulting in23
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where we have used D = 8共R3 / L2兲 expressing volume
conservation25 and defined RAD ⬅ 共d⌽ / dt兲, the ion-flux independent radiation-induced viscosity.12,26,27 The first term in
Eq. 共6兲 describes the free deformation in absence of stresses
共exponential growth兲. The second term describes Newtonian
viscous flow resulting from stresses by surface curvature. At
small fluences, particles are still close to spherical 共L ⬇ 2R兲,
and the second term in Eq. 共6兲 is negligible. The anisotropic
deformation, L / 共2R兲, of each particle therefore starts at a
constant rate A0, irrespective of its radius R. As the anisotropic deformation process continues, the anisotropy in surface stress 共quantified by the deviatoric stress兲 increases and
the second, negative term in Eq. 共6兲 becomes significant.
Newtonian viscous flow then counteracts the net anisotropic
deformation per unit fluence and the transverse diameter L
deviates from its exponential growth behavior and finally
saturates when dL / d⌽ = 0.
Based on this viscoelastic model, we can fit all experimental data in Figs. 2 and 3 by numerically solving Eq. 共6兲
with a single set of fitting parameters A0 and RAD. The
drawn curves in Figs. 2 and 3 give the best results, with
A0 = 共6.2± 0.2兲 ⫻ 10−16 cm2 / ion and RAD = 共0.90± 0.05兲
⫻ 1022 Pa ion/ cm2. The dotted horizontal line in Fig. 3 is the
limiting value for R → ⬁ of the calculated curve. As can be
seen, the theoretical model captures all experimental data in
detail. We therefore conclude that a nonhydrostatic stress distribution by surface curvature is the dominant factor in limiting the anisotropic deformation effect.
Note that the value of A0 is similar to what we found
previously for colloidal silica particles under 4 MeV Xe
irradiation.8,17 The value found for RAD is about one order
of magnitude smaller than the value measured for thermally
grown silica using in situ wafer curvature measurements during ion irradiation.12,26,27 Indeed, colloidal silica is a relatively “soft” material, with a lower bulk melting point than
thermal SiO2 and thus is expected to have a lower viscosity.
Direct measurements of the radiation-induced viscosity of
colloidal silica are lacking, but conversely, the fitted value
for RAD found here may serve as its first determination. At
the presently used ion flux, the found value for RAD trans-
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lates to a shear viscosity  of about 1.5⫻ 1011 Pa s.
In conclusion, the anisotropic deformation of submicronsized colloidal particles under ion irradiation is strongly size
dependent. While the incremental anisotropic strain per unit
fluence, A0, remains constant for all radii between 19 nm
and 510 nm, the particle anisotropy decreases with decreasing size. This is the result of an increased deviatoric capillary
stress state at smaller sizes, in combination with radiationinduced Newtonian viscous flow. The data compare well
with a phenomenological, macroscopic deformation model
that takes into account the nonhydrostatic stresses by surface
curvature, and yields a strain increment perunit fluence A0
= 6.2⫻ 10−16 cm2 / ion for anisotropic deformation and a
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