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ABSTRACT: Optical analog computing using metasurfaces has been the subject
of numerous studies, aimed at implementing highly eﬃcient and ultrafast image
processing in a compact device. The proposed approaches to date have shown
limitations in terms of spatial resolution, overall eﬃciency, polarization and
azimuthal angular dependence. Here, we present the design of a polarizationinsensitive metasurface with tailored nonlocality based on a Fano resonant
response, enabling both odd- and even-order analog mathematical operations on
an incoming image. The metasurface is formed by a single-layered triangular lattice
of holes in a suspended silicon membrane, which induces a strong nonlocal
response in the transverse spatial frequency spectrum. Our paper provides a path to
realize highly eﬃcient optical metasurfaces performing isotropic and polarizationinsensitive edge detection on an arbitrary 2D optical image.
KEYWORDS: computational metasurfaces, analog processing, nonlocality, Fano resonance, polarization-insensitive
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based on modulated split-ring-resonator arrays29 at microwave
frequencies was introduced in ref 8, while an experimental
veriﬁcation in optics using one-dimensional (1D) metasurfaces
composed of silicon nanobeams was presented in ref 9. These
two implementations, however, were limited to a single
impinging polarization and plane of incidence, serving as a
proof-of-concept, but with limited impact for practical
applications. Here, we show a two-dimensional (2D) metasurface that can faithfully perform even and odd mathematical
operations on an impinging image independent of the
polarization and incidence angles. The design is based on a
triangular lattice of air holes carved into a suspended silicon
membrane, which sustains a Fano resonance stemming from the
coupling of a leaky-wave mode to a longitudinal Fabry−Perot
resonance (see Supporting Information (SI) and refs 26−28). A
similar resonant behavior can be achieved with a lattice of highindex particles.30 The proposed metasurface oﬀers tailored
spatial frequency resolution and polarization-insensitive operation within a single layered thin metasurface, amenable for
fabrication and integration into a more complex imaging system.
One of the applications of this device is all-optical edge detection
of an input image.31,32 By implementing an isotropic response
across all transverse momentum space, we show that the

mplementing the functionalities of digital signal processing
systems into a compact and highly eﬃcient analog computing
platform has raised signiﬁcant interest in recent times.1−15 This
trend has been accelerated by the beneﬁts that metasurfaces
provide in terms of wavefront shaping, integrability with
detector schemes, ultrathin footprint, and ultrafast response,
overcoming the current limitations of digital processing
concerning energy consumption and speed.16−21 As a result,
computational metasurfaces for optical signal processing have
recently drawn signiﬁcant attention and interest. So far, diﬀerent
approaches have been explored to perform various types of
operations for image processing, for example, nth-order diﬀerentiation or integration,1−15 which can also lead to solving
integro-diﬀerential equations once feedback is introduced.22
Graded-index ﬁbers, surface plasmon waveguides, Mach−
Zehnder interferometer meshes, and metamaterials have been
proposed as possible platforms for the practical implementation
of these concepts, however, the proposed devices to date have
presented limitations in terms of resolution, eﬃciency, and
strong polarization/angle dependence.23−25 In addition, the
proposed optical metasurfaces have been typically limited to
even-order mathematical operations, such as the second
derivative.6,7,15
Recent works have shown that Fano resonances can be used
to engineer a metasurface nonlocality and hence tailor the
angular spectrum of an image to impart a linear mathematical
operation of choice.26−28 Nonlocality results in variation of the
metasurface response with respect to the incident direction. By
suitably engineering nonlocality in momentum space, the
metasurface can be designed to exhibit various mathematical
operations for a desired NA (numerical aperture). A ﬁrst design
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Figure 1. Metasurface for second-order diﬀerentiation. (a) Unit cell with triangular lattice and design parameters. (b) Transmission for a metasurface
neglecting loss in Si for s-polarized light impinging at ϕ = 0° and diﬀerent elevation angles. At resonance, the electric ﬁeld is strongly enhanced
compared to the oﬀ-resonance wavelength. This metasurface is designed with a = 360 nm, r = 100 nm, and t = 125 nm and operates at λ = 643 nm. The
inset shows the time-averaged ﬁeld intensity on (at λ = 643 nm) and oﬀ resonance (at λ = 655 nm). (c) 2D transmission of the optimal design including
Si loss. The transmission reaches a peak of 0.7 isotropically in all transverse momentum space supported by the lattice symmetry, and the transmission
phase is symmetric in all transverse propagation directions. The cross-polarized response is negligible (see SI).
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metasurface can perform both even- and odd-order diﬀerentiations, enabling high-quality, eﬃcient 2D edge detection for
unpolarized input signals.

■

(1)

where - denotes the Fourier transform.
Within this formalism, the response function corresponding
to an isotropic operation is deﬁned as T̿ (kx,ky) = T(kx,ky)I2×2,
where T(kx,ky) is an arbitrary scalar function and I2×2 is the 2 × 2
identity matrix. If the response is also azimuthally symmetric,
T(kx,ky) = T(k∥), where k∥ = (k2x + k2y )1/2 = k0 sin θ and θ is the
incidence angle with respect to the normal direction to the
metasurface. In the case of diﬀerentiation, azimuthal symmetry
is only possible for even-order operations, in which case Tn(k∥) =
An(−jk∥)n, where n is the diﬀerentiation order and An is a
constant. For example, in the case of second-order diﬀerentiation, the response becomes the Laplace operator T̿ 2(kx,ky)
= −A2(k∥)2I2×2 = −A2(k0 sin θ)2 I2×2, where k0 = 2π/λ is the freespace wavenumber. Interestingly, as will become clearer later in
the analysis, azimuthal symmetry is not possible for odd-order
diﬀerentiation. For this type of operations, T(kx, ky) can be
deﬁned along a radial direction as Tn(kx, ky) = An(ϕ)(−jk∥)n,
where An(ϕ) is a function of the azimuthal angle ϕ. As an
example, the ﬁrst-order diﬀerentiation is described through
T̿ 1(kx,ky) = −jA1(ϕ)(k∥)I2×2 = −jA1(k0 sin θ)I2×2 and involves a
180° phase jump with respect to θ = 0° (normal incidence). As
shown in ref 8, implementing such an operation requires
metasurfaces breaking symmetries in both transverse and
longitudinal directions.
There are two important ﬁgures-of-merit to be considered
when implementing an image processing metasurface: resolution and eﬃciency. In order to achieve maximum eﬃciency,
the metasurface transmission at the highest k∥ that is sought to
be processed by the metasurface should reach unity.
Considering realistic losses, maximum transmission for a desired

THEORETICAL ANALYSIS

Consider a linearly polarized beam impinging on our metasurface, corresponding to an arbitrary 2D image, with a transverse
in
ji E (x , y)zyz
z, where Einx and Einy are on
ﬁeld proﬁle Exin, y(x , y) = jjjj xin
Ey (x , y)zz
k
{
the x- and y-polarized ﬁeld components. Upon interaction with
the metasurface, the input beam is ﬁltered in momentum space
(k-space) by the 2 × 2 transmission tensor
ij T̃ (k , k ) Tsp̃ (kx , k y) yz
̃
zz
T̿ = jjjj ss̃ x y
̃ (kx , k y)zz of the metasurface, where Tuv is
Tps(kx , k y) Tpp
k
{
the transmission coeﬃcient from an input v-polarized wave to an
output u-polarized one with transverse wavevector k∥ = kxx̂ + kyŷ.
Here we have assumed that our metasurface is transversely
invariant, hence transverse momentum is conserved for each
plane-wave component of the impinging image. The output
signal is calculated as follows. The input signal is Fourier
in
(kx, ky) and converted into the sptransformed into Ẽ x,y
polarization basis via multiplication with
i sin ϕ cos ϕ y
R̿ = jjj−cos ϕ sin ϕ zzz, where ϕ is the azimuthal angle between
k
{
k∥ and the x-axis (see Figure 1a). This spectrum is ﬁltered by the
metasurface transfer function T̿ and projected back onto the xypolarization basis by multiplying it with R̿ −1. Finally, an inverse
Fourier transform is performed to derive the spatial proﬁle of the
output ﬁeld. These steps are captured in the following equation
for the transmitted image (see SI).
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Figure 2. Second-order diﬀerentiation of a 2D image. (a) A complex 2D input image is used to test the edge detection functionality in all transverse
momentum space. (b) Output after an ideal Laplacian diﬀerentiation system for an unpolarized input image (a). (c) Output after the metasurface for
an x-polarized input image. (d) Output after the metasurface for an unpolarized input image.

Figure 3. Metasurface for ﬁrst-order diﬀerentiation. (a) Schematics of a four-port illumination of the metasurface to outline the role of symmetries in
implementing odd operations. The top-left ﬁgure is a schematic view of the optimal metasurface design that performs odd-order diﬀerentiation. (b)
Metasurface transmission amplitude and phase for copolarized light illumination. The amplitude of the cross-polarized system response is negligible
(see SI).

maximum k∥ is smaller than unity. The maximum k∥ is inversely
proportional to the ﬁnest size of the input image that can be
processed by the metasurface and, therefore, deﬁnes its
resolution.33 In turn, a maximum k∥ deﬁnes a maximum incident
angle θmax, which directly deﬁnes the numerical aperture (NA)
of our system. It is important to stress that the possibility of
tailoring the NA not only allows direct control on the resolution,

but also makes our structure suitable for direct integration in
detection and imaging systems. For instance, the metasurface
can be directly placed on the charge-coupled device (CCD) of
an existing imaging system without further optics needed. A
detailed description of how to design the NA of our metasurface
is provided in the SI.
1801
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Figure 4. Comparison of 1D output for diﬀerentiating metasurfaces. (a) Transmission amplitude and phase for the ﬁrst-order diﬀerential metasurface
for ϕ = 0°. (b) Response of the second-order diﬀerential metasurface at ϕ = 0°. Both (a) and (b) are derived for s-polarization. (c) Amplitude proﬁle of
the 1D rectangular input signal. Here, the phase of the input signal is assumed to be zero. (d) Output after the ideal and metasurface system response in
(a). (e) Output after the ideal and metasurface system response in (b).

■

RESULTS
In this section, we present optimized metasurface designs for
ﬁrst- and second-order spatial diﬀerentiations and numerically
test the operation performance on 2D optical input image. The
transmission spectra as a function of incoming wavelength are
simulated using CST Studio Suite 2018,34 while COMSOL
Multiphysics 5.4 is used to compute the transmission for
diﬀerent angles of incidence at the designed wavelength of
operation.35 The predicted image output is obtained using eq 1.
Our second-order diﬀerential metasurface consists of a
triangular array of air holes (lattice constant a and radius r)
carved in a thin Si membrane of thickness t, as shown in Figure
1a. Such a structure supports Fano resonances obtained through
the interference of a broad Fabry−Perot resonance determined
by the thickness and ﬁll fraction of the metasurface and leaky
wave resonances, which are essentially guided waves that are
coupled to the radiation continuum through the periodic hole
grating (see SI). As a result, the leaky wave resonance and
consequently the Fano resonance follow the same dispersion as
the guided mode in terms of frequency versus transverse
wavenumber k∥ = k0 sin θ. The transmission dispersion in
transverse momentum space is determined by the resonance
frequency of this surface wave as k⃗∥ + k⃗r, where k⃗r is a reciprocal
lattice vector. Therefore, the Fano resonance exhibits strong
nonlocality, manifested in a shift of the Fano resonance

wavelength versus incidence angle, as shown in Figure 1b. The
second-order diﬀerential operation can be achieved if the
metasurface is designed to exhibit a transmission zero at normal
incidence at the operation wavelength. Then, as the incidence
angle increases, transmission increases, up to an angle for which
transmission is maximum (see dashed line in Figure 1b). The
angle of maximum transmission determines the NA of the
metasurface or the maximum transverse wavenumber of the
input image, as was discussed in the previous section. Given the
lattice symmetry in the transverse (xy) plane, the metasurface
oﬀers a quasi-isotropic response in ϕ over the entire transverse
momentum space.
The optimal metasurface parameters for second-order spatial
diﬀerentiation at λ = 717 nm are a = 250 nm, r = 120 nm, and t =
125 nm. In Figure 1c, the top and bottom panels show the
transmission amplitude and phase for the copolarized
components of the transmission matrix. Cross-polarized transmission amplitudes are negligible, as shown in the SI. The design
and simulations consider realistic material loss,36 which limits
the maximum achievable transmission to 0.7. Both amplitude
and phase responses are symmetric in all transverse directions, as
required for ideal even-order diﬀerential operation. From the
amplitude proﬁle, we can see that the metasurface supports an
angular bandwidth of 8° for both s- and p-polarized
illuminations, hence, allowing eﬃcient 2D edge detection with
NA = 0.1392. As mentioned before, diﬀerent NAs can be
1802
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Figure 5. First-order diﬀerentiation on 2D image. (a) The same complex 2D input image as the one in Figure 2a. (b) The 2D output image after the
ideal system for the unpolarized input image. The NA is set to be same as the one of the metasurface. (c) The output after the metasurface when the xpolarized input image is projected to the metasurface. (d) The output after the metasurface when the unpolarized input image is projected to the
metasurface.

order diﬀerentiation. The metasurface achieves a near-π phase
jump between the negative and positive transverse propagation
momentum, which enables the ﬁrst-order diﬀerential operation
at λ = 628 nm. Cross-polarized transmission is again negligible
(see SI) and the metasurface performs diﬀerentiation with a NA
of 0.2079 and 0.1392 for s- and p-polarizations, respectively. The
metasurface design parameters are a = 300 nm, r = 130 nm, r1 =
77 nm, t = 130 nm, t1 = 90 nm, tsub = 50 nm, and we assume the
material is lossless in this calculation, considering only the real
part of dispersive refractive index n.
To compare the response for ﬁrst- and second-order
diﬀerential metasurfaces, the transmission for s-polarization at
ϕ = 0° is shown in Figure 4a,b for the metasurfaces in Figure
1c,b. We test the response for a 1D slit image in Figure 4c (the
signal in Figure 4c is assumed to be uniform along the y-axis),
and the outputs are shown in Figure 4d,e. As expected, the ﬁrstorder diﬀerential metasurface shows a single spike with opposite
signs at upward and downward edges, whereas the output of the
second-order diﬀerential metasurface yields two spikes at each
edge, which indicates that the ﬁrst-order diﬀerentiator supports
more precise and accurate edge detection than the second-order
diﬀerentiator (see SI). Next, we explore the eﬀect of the ﬁrstorder diﬀerential metasurface on the 2D input image in Figure
5a for diﬀerent polarizations. Analogous to the output image for
an ideal ﬁrst derivative (Figure 5b), the output after the
metasurface shows clear edge detection in all directions,
highlighting all boundaries of the object both for x-polarized
and unpolarized illuminations, even with a small diﬀerence of
NAs between s- and p-polarizations. Diﬀerences on 2D edge
detection between the ﬁrst- and the second-order diﬀerentiators
are compared and provided in more detail in the SI, showing that
the ﬁrst-order diﬀerentiator is more optimal for the purpose of
precise edge detection applications than the second-order
diﬀerentiator.

achieved by tuning the design parameters. This possibility is
discussed in more detail in the SI.
In order to highlight the functionality of the metasurface, the
2D input image in Figure 2a is projected to the metasurface and
the output is calculated through eq 1. The results are shown in
Figure 2b−d. Figure 2b shows the ideal output from a secondorder (Laplacian) operation, while Figure 2c and d refer to
outputs along x and unpolarized light. The x- and y-axes in these
ﬁgures are normalized to the operation wavelength, and the
color refers to the intensity scale. The metasurface detects edges
in all transverse directions with high eﬃciency for linear and
unpolarized light incidence, as shown in Figure 2c,d. Overall, the
metasurface response is very close to the one of the ideal system
in Figure 2b. Since the metasurface exhibits the same resolution
for both polarizations, it can perform edge detection for any
polarization and even unpolarized light. An analysis of this case is
presented in the SI.
In order to implement odd-order diﬀerentiation, the transmission phase needs to be an odd function of the incidence
angle, which requires breaking both transverse and longitudinal
symmetries in the metasurface.8 This fact can be understood
through Figure 3a. If the structure were symmetric with respect
to the z-axis, T42 = T13. However, reciprocity also requires T31 =
T13, leading to T42 = T31, which shows that transmission is an
even function versus the incidence angle. Therefore, in order to
achieve an odd response, we need to break both transverse and
longitudinal mirror symmetries. To this end, our unit cell is
modiﬁed as shown in the inset of Figure 3a, adding a thin SiO2
substrate to break longitudinal symmetry (the symmetry parallel
to the z axis) and three small holes symmetrically distributed
around the main hole to break transverse symmetry (the
symmetry on the xy-plane). The transmission for copolarized
ﬁelds is shown in Figure 3b. As mentioned in the previous
section, the metasurface exhibits an odd-order response along
any radial direction, but it lacks rotational symmetry as in even1803
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CONCLUSIONS
In this paper, we have presented the design of 2D nonlocal
metasurfaces composed of suspended Si and SiO2, which can
perform polarization independent, isotropic 2D optical image
processing. The metasurface can be engineered to perform even
and odd diﬀerential operations with high spatial frequency
resolution and eﬃciency. Diﬀerent types of mathematical
operations, for example, the integral operation for blurring can
be realized by engineering the nonlocal response in such a way to
align a peak, rather than a zero, of the Fano response at the
frequency of operation (see SI). By adding a form of feedback
and studying the steady-state response of the system, it is
possible to implement also integro-diﬀerential equation solvers
based on a similar platform. Our study shows realistic pathways
to implement analog optical processing of large images with an
ultrathin metasurface at visible frequencies, directly integrable
on optical sensors, with applications in the design of ultrafast and
power-eﬃcient optical processing systems.
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